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Abstract. A parametric Reduced Order Model (ROM) for buoyancy-driven flow is
developed for which the Full Order Model (FOM) is based on the finite volume ap-
proximation and the Boussinesq approximation is used for modeling the buoyancy.
Therefore, there exists a two-way coupling between the incompressible Boussinesq
equations and the energy equation. The reduced basis is constructed with a Proper
Orthogonal Decomposition (POD) approach and to obtain the Reduced Order Model,
a Galerkin projection of the governing equations onto the reduced basis is performed.
The ROM is tested on a 2D differentially heated cavity of which the side wall tem-
peratures are parametrized. The parametrization is done using a control function
method. The aim of the method is to obtain homogeneous POD basis functions. The
control functions are obtained solving a Laplacian function for temperature. Only one
full order solution was required for the reduced basis creation. The obtained ROM is
stable for different parameter sets for which the temperature difference between the
walls is smaller than for the set in the FOM used for the POD basis creation. Then,
the relative error between the FOM and the ROM for temperature is below 10−4 and
for velocity below 10−1 for the vast part of the simulation time. Finally, the ROM is
about 20 times faster than the FOM run on a single processor.
1. Introduction
Within the MYRRHA (Multi-purpose hYbrid Research Reactor for High-tech Ap-
plications) project, the Belgian Nuclear Research Centre SCK·CEN is developing and
designing an experimental fast-spectrum irradiation facility featuring a compact pool-
type primary cooling system operating with molten Lead-Bismuth Eutectic. With
regard to the thermal-hydraulic design and safety assessment of the reactor, a major
challenge is characterizing the complex three-dimensional transport phenomena in the
coolant flow field, e.g. local flow mixing, buoyancy and thermal stratification in the
cold and hot plenum of the primary vessel. These phenomena may impact the system
response to operational and accidental transients, such as loss of flow, on the short- and
long-term. In accident conditions and after reactor shut-down, decay heat is removed
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passively via natural circulation. However, the development of the flow, for instance
thermal stratification at low flow conditions, during the transition from forced to nat-
ural circulation may have a detrimental effect on the efficiency of the passive residual
heat removal. Therefore, reliable computational methods are required to accurately
quantify naturally circulating flows and the associated transient phenomena. [1]
One-dimensional best-estimate system thermal-hydraulic (STH) codes are usually used
for reactor transient safety analyses, but have their limitations associated with the
aforementioned phenomena and representation of complex flows. On the other hand,
three-dimensional computational fluid dynamics (CFD) flow solvers that are based on
discretization methods, of which the finite volume (FV) method is commonly used by
commercial software and open-source codes, are used widely in industry to solve com-
plex flows. However, performing transient simulations using a full numerical approach
is completely unfeasible due to the excessive amount of computational resources needed,
especially when a large number of different system configurations are to be tested. Also
the gain in computational speed of a STH/CFD coupled model is still too limited.
Therefore, model reduction techniques that have been developed to approximate the
(parametrized) Partial Differential Equations (PDEs) describing the fluid problem are
needed to reduce the computational effort. Moreover, a two-way coupling between mo-
mentum and energy is required to model the complex dynamics of natural circulation.
Therefore, the Boussinesq approximation is often applied to simplify the problem by
neglecting the effect of local density differences of the fluid, induced by temperature,
except for the influence of the gravitational body force on the flow. This approximation
is valid as long as the difference in density is much smaller than the reference density.
The purpose of this work is to develop a parametric Reduced Order Model (ROM)
with a FV-based POD-Galerkin method for buoyancy-driven enclosed flows and is an
extension of the work on a ROM for weakly coupled Navier-Stokes equations with the
heat equation performed in [2].
2. Full Order Model
The mathematical problem on which this work is focused is given by the unsteady
incompressible Navier-Stokes equations, without any turbulence treatment, in the pres-
ence of the gravity body force and the energy equation. The general form of the
equations is 
∂ρu
∂t
+∇ · (ρu⊗ u)−∇ · (µ∇u) = −∇p+ ρg in Ω,
∂θ
∂t
+ (∇ · u)θ −∇ · (α∇θ) = 0 in Ω,
∇ · u = 0 in Ω,
u(x, t) = 0 on Γ,
θ(x, t) = f(x) on Γ,
u(x, 0) = u0(x) = g(x) in Ω,
θ(x, 0) = θ0(x) = k(x) in Ω,
(2.1)
where u is the velocity, p the pressure, θ the temperature, ρ the density, µ is the
dynamic viscosity, α is thermal diffusivity and g the gravitational acceleration.
The Boussinesq approximation assumes that ρ is constant for all terms in Equation. 2.1,
except for the gravitational term. To avoid numerical issues due to large gradients of
the buoyancy force, buoyant flow solvers typically use p′rgh = p − ρg · r, with r the
position vector, rather than the static pressure p. The momentum equations with the
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Boussinesq approximation are then given by
∂u
∂t
+∇ · (u⊗ u)−∇ · (ν∇u) = −∇prgh − (g · r)∇ρk,(2.2)
where prgh = (p− ρg · r) /ρ0 is referred to as a pressure shift and ρk = 1 − β(θ − θ0)
with β the thermal expansion coefficient. The reference state is taken at p0, ρ0 and θ0.
3. POD-Galerkin Reduced Order Model
The Proper Orthogonal Decomposition (POD) method is used to create a set of basis
functions containing the essential dynamics of the previously described Full Order Model
(FOM). The main assumption of POD is that the system’s dynamics are governed by
a reduced number of dominant modes, Nr, which are orthogonal to each other [3],
〈ϕi,ϕj〉L2(Ω) = δij. Here 〈·, ·〉L2(Ω) is the L2 inner product of the functions over the
domain Ω. These modes can be obtained by solving an eigenvalue problem [4, 5] on
snapshots which are generated by sampling the FOM at several moments in time. Then
it is assumed that there exists an approximation of the problem, so that the FOM can
be expressed as a linear combination of orthogonal spatial modes multiplied by time-
dependent coefficients. For the velocity and temperature, the approximations are given
by
(3.1) u(x, t) ≈ ur(x, t) =
Nr∑
i=1
ϕi(x)ai(t), θ(x, t) ≈ θr(x, t) =
Nr∑
i=1
ξi(x)ci(t),
where ϕ and ξ are the modes of the velocity and temperature, and respectively a and c
the corresponding time-depending coefficients. To obtain a Reduced Order Model, the
POD is then combined with the Galerkin projection, for which the full order system
is projected onto the reduced subspace of POD modes and the difference between the
FOM solution and the approximated one is minimized [6]. For more details about POD
and Galerkin projection methods the reader is referred to [2, 4, 5].
For the Boussinesq approximation, special attention is paid to the Galerkin projection
of the shifted pressure term, which is given by
〈ϕi,∇prgh〉L2(Ω) =
ˆ
Ω
ϕi · ∇prghdx = −
ˆ
Ω
prgh (∇ ·ϕi) dx+
ˆ
∂Ω
prgh (ϕi · n) ds.
(3.2)
Both terms, on the right hand side, are zero as the POD modes, defined as a linear
combination of snapshots, preserve the divergence free property of the flow field [6] in
the first term and in case of enclosed flow, the velocity is zero at the wall in the second
term. The resulting ROM is then given by{
Mra˙− νBra+ aTCra+Hrc = 0,
Wrc˙− αYrc+ aTQrc = 0,
(3.3)
where
Mrij = 〈ϕi,ϕj〉L2(Ω), Brij = 〈ϕi,∆ϕj〉L2(Ω), Crijk = 〈ϕi,∇ · (ϕj,ϕk)〉L2(Ω),
Hrij = 〈ϕi, (g · r)∇(1− β(ξj − θ0))〉L2(Ω),
Wrij = 〈ξi, ξj〉L2(Ω), Yrij = 〈ξi,∆ξj〉L2(Ω), Qrijk = 〈ξi,∇ · (ϕj, ξk)〉L2(Ω).
(3.4)
The initial conditions for the ROM are given by
(3.5) ai(x, 0) = 〈ϕi,u0(x)〉L2(Ω), ci(x, 0) = 〈ξi, θ0(x)〉L2(Ω)
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4. Non-homogeneous boundary conditions
In a POD-based ROM, the non-homogeneous BCs are, in general, not satisfied by the
ROM, as the basis functions, and similarly their BCs, are a linear combination of the
snapshots. Furthermore, the BCs are not explicitly present in the reduced system and
therefore they cannot be parametrized directly. In literature [7], two common methods
for handling the BCs are: the control function- and the penalty method. The aim of
the control method is to homogenize the POD BCs [7, 4], while the penalty method
enforces the BCs in the ROM with a penalty factor [7, 8]. Both methods have their
own advantages and drawbacks. As the control functions are physically based, unlike
the penalty factor, which is an arbitrary value, the control function method is applied
here. The method is explained for the temperature BCs, although it can be applied
similarly to the velocity fields.
With the control function method, the snapshots are made homogeneous by subtracting
suitable control function(s) on which then the POD is performed. The result is a set of
modes with homogeneous BCs. The function to be chosen is system specific. However,
there are two constraints the control function has to satisfy. Firstly, the control function
must be divergence free in order to retain the divergence-free property of the basis
functions. Secondly, the function needs to satisfy the remaining BCs of the FOM. One
way to generate a control function, θc(x), satisfying both constraints, is by solving a
system, as close as possible to the full order system, where the boundary of interest is
set to 1 and everywhere else to 0. Then the snapshots can be modified as follows
(4.1) θ′(x, t) = θ(x, t)−
NBC∑
k=1
ΘkBCθ
k
c (x),
where NBC is the number of non-homogeneous BCs, ΘBC is the value of the boundary
condition and θc is the control function. Then the POD is applied to these homogeneous
snapshots as described previously and finally the temperature field is approximated with
(4.2) θr(x, t) =
NBC∑
k=1
ΘkBCθ
k
c (x) +
Nr∑
i=1
ξi(x)ci(t),
which satisfies the boundary conditions of the problem. ΘBC can be parametric. For
more details on the control function the reader may take a look at [2, 4].
5. Numerical set-up
In this study, a simple configuration for natural convection is studied that consists of
a 2D square enclosed cavity with differentially heated walls opposite of each other. The
simulations are carried out on a square domain of length L = 0.1 m on which a (100 x
100) uniform mesh is constructed. A sketch of the geometry is depicted in Figure 1.
The initial temperature, θ0, and velocity are 300 K and (10
−4,0) m/s, respectively.
The properties are taken for air with thermal diffusivity, α = ν / Pr = 1.4·10−5
m2/s, kinematic viscosity ν = 1·10−5 m2/s and Pr = 0.71. Furthermore, the coeffi-
cient of thermal expansion, β, is 3·10−3 K−1. The left boundary is kept at the hot
temperature, θh, and the right boundary at the cold temperature, θc, with θh > θc.
Four parameter sets are considered for the temperature BCs, which are listed in Ta-
ble 1. The unsteady governing equations are iteratively solved by the FV method with
the buoyantBoussinesqP impleFoam solver of the open source C++ library Open-
FOAM [9]. The PIMPLE algorithm is used for the pressure-velocity coupling [10]. For
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both the full- and reduced order simulations, the time discretization is treated using a
backward differencing scheme.
Figure 1. A sketch of the geometry of the 2D square cavity with
differentially heated walls.
Table 1. Parameter sets for the temperature BCs.
Parameter set # θc [K] θh [K]
0 298.5 301.5
1 299.0 301.0
2 298.0 302.0
3 298.7 301.2
A constant time step of ∆t = 1· 10−3 s has been applied and the simulation time is 10
s. Snapshots of the velocity and temperature fields are collected every 0.01 s, resulting
in a total of 1000 snapshots for each parameter set. The full order simulations are per-
formed in OpenFOAM 6, while the Reduced Order Model is solved with ITHACA-FV,
a C++ library based on the finite volume solver OpenFOAM. For more details on the
ITHACA-FV code, the reader is referred to [4, 5, 11].
A control function, for each non-homogeneous BC, is determined by solving a steady
state Laplacian function for temperature, ∆θ = 0, according to the methodology de-
scribed in Section 4. Finally, the relative L2-error between the FOM, XFOM , and ROM
fields, XROM , is determined by
(5.1) ‖e‖L2(t) = ‖X
FOM(t)−XROM(t)‖L2
‖XFOM(t)‖L2 ,
for both the velocity and temperature fields at each time instance, t.
6. Results
First, a full order simulation is performed for parameter set 0. In total, 1000 velocity
and temperature snapshots are collected. Furthermore, the control functions are ob-
tained by solving the steady state Laplacian function and are shown in figure 2. These
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functions are then used to homogenize the snapshots and to create homogeneous basis
functions with the POD method.
Figure 2. The control functions for temperature.
To determine the number of basis functions needed for the creation of the reduced sub-
space, the cumulative eigenvalues are plotted in Figure 3 on the left. The plot shows
that 7 modes are sufficient to retain 99.9% of the energy contained in the snapshots,
for both velocity and temperature.
Furthermore, the full order snapshots are projected onto the POD basis for a range
of modes, from 1 to 15, to obtain time-dependent coefficients that are then used to
reconstruct the fields, called the basis projection. For each number of modes the time-
averaged relative L2-error between the FOM and the basis projection is calculated and
plotted in Figure 3 in the middle and on the right side for velocity and temperature,
respectively.
Figure 3. (Left) cumulative eigenvalues for velocity and temperature.
(Right) the time-averaged L2 error per number of velocity (Umodes) and
temperature modes (Tmodes).
It can be seen that the slope of the decay of the time-averaged relative L2 error for the
velocity is the same as for the temperature. However, the Figure 3 shows that 5 basis
functions are required to have a truncation error less than 10−4 for temperature, while
for velocity, 5 basis functions are needed to have an error less than 10−1.
The first five velocity and homogenized temperature modes are plotted in Figure 4. The
velocity magnitude modes have a symmetric pattern. Furthermore, the first velocity
mode is close to the steady state solution of the problem, while the first temperature
POD-GALERKIN REDUCED ORDER MODEL OF THE BOUSSINESQ APPROXIMATION FOR BUOYANCY-DRIVEN ENCLOSED FLOWS7
mode looks like a fluctuation around the mean field due the homogenization by the
control functions. Finally, taking also into account previous observation based on the
cumulative energy of the eigenvalues, 7 velocity and 7 homogeneous temperature modes
are used for the reduced basis creation. Then, the ROM matrices are calculated and the
obtained ROM is tested for all parameter sets. The evolution in time of the relative L2
error between the reconstructed fields and the full order solutions is plotted in Figure 5.
Figure 4. First 5 POD modes for velocity (top) and temperature with
homogeneous BCs (bottom).
Figure 5. Relative L2-error of velocity (left) and temperature (right)
between the ROM with control function and the FOM for all parameter
sets and the basis projection.
For parameter set 0, the L2-prediction errors are of the same order as its basis pro-
jection error using 7 modes for both velocity and temperature. The velocity error is
more than 1 at the beginning of the ROM simulation, as the flow starts at rest and
therefore a small deviation of the initial velocity field leads to a high relative error as
the error is magnified by a small velocity magnitude [8]. After about 1 second of sim-
ulation time the L2-error of the velocity is less than 10−1 and for temperature below
10−4. As expected, the performance of the ROM velocity is best when tested for the
same parameter set on which the POD has been performed, but increases for each of
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the following sets. For parameter set 1 and 3, after 2 seconds of simulation time, the
error remains of the same order. However, the error of parameter set 3 keeps increasing
over time, meaning that the ROM is less stable for those values. The same applies
to the relative error of the temperature fields, however at some moments in time the
ROM performs better for parameter set 1, where the temperature difference between
the walls is smaller compared to set 0, than the basis projection. Then for parameter
set 3, where an asymmetric temperature difference is applied on the walls, the ROM is
stable, but performs worse than parameter set 1 due to the strong non-linearity of the
flow with respect to the BCs. As no snapshots are collected for a similar case, part of
the flow pattern is not contained in the snapshots and therefore also not in the ROM.
The full order and reconstructed velocity and temperature fields for parameter set 3
are shown in Figure 6 at t = 1 s, t = 5 s and the final simulation time t = 10 s. The
absolute error between the FOM and the ROMs is shown in the same figure, which is of
the order 10−3 m/s for velocity and 10−2 K for temperature. Finally, the computation
times on a single Intel Premium CPU G2130 @ 3.20GHz processor for calculating the
FOM, POD modes, the reduced matrices and for the ROM are 563, 15, 0.5 and 27
seconds, respectively. Therefore, the ROM is about 20 times faster than the FOM.
Figure 6. Comparison of the full order (FOM) velocity magnitude (1st
column) and temperature (4th column) fields with the reduced order
(ROM) fields (2nd and 5th column) and the difference between the FOM
and ROM fields (3rd and 6th column) for parameter set 3 at t = 1 s
(top), 5 s (middle) and 10 s (bottom).
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7. Discussion
Only one full order solution for parameter set 0 was required to perform a ROM
with the control function method for parameter set 1 and 3. However, the ROM is
unstable for parameter set 2, even though the temperature BCs were only deviating
by 0.5 K from those of set 0 (like parameter set 1), for which snapshots are collected.
However, the temperature difference between the walls is larger for set 2 than the other
sets for which the ROM is stable. As for larger temperature differences, part of the flow
pattern is not contained in the snapshots, the ROM is not capable of reconstructing
those fields. As a solution, when a larger range of parameter values needs to be tested,
one can use snapshots from several FOMs to generate the POD modes. Since the POD
modes are based on a linear combination of snapshots, while buoyancy driven flows are
highly non-linear due to the coupling between the non-linear momentum and energy
equations, adding snapshots from different FOMs can make the ROM applicable for a
larger range of parameter values.
The relative L2 error for velocity during the first second of the ROM simulation is about
one order higher compared to the rest of the simulation. Especially for velocity, the
error is more than 1 at the beginning of the ROM simulation. A small deviation of
the homogeneous initial field, even for the basis projection using a reduced number of
modes leads to a high relative error compared with the full order solution. The absolute
error is of a smaller order, as shown by the absolute difference plot between the FOM
and ROM fields at different time instances, and so, depending on the application, the
error can be acceptable. Adding more modes to the reduced basis will reduce the error,
but then the ROM will become slower and therefore there is a trade-off between the
two.
The control function method is not solely meant for parameterizing the temperature
BCs. Using non-homogeneous modes for the reduced basis construction can lead to an
unstable ROM solution as the basis functions, and in the same way their BCs, are a
linear combination of the snapshots [8]. The advantage of the control function method
is that the functions can be determined on beforehand. However, not every function
will lead to a stable ROM. Moreover, the output of the ROM can differ depending on
which function is used and therefore extensive testing of ROMs for different functions
could be needed. Best is to choose a function that is as close as possible to the full order
problem. The control function is therefore physics based unlike, for instance, a penalty
factor, which is an arbitrary value [7, 8]. For this case, solving a Laplacian function is
an appropriate choice as no forced convection is applied to the problem. Lastly it is
pointed out in literature [7] that long-time integration and initial condition issues can
be more problematic for the control function method compared to the penalty method.
However, this must be tested in a further research.
In this study, the recovery of the pressure has not been incorporated in the ROM. A
supremizer enrichment of the velocity space technique or exploitation of a pressure Pois-
son equation can, for instance, be incorporated in the Galerkin projection to include
the pressure in the ROM [5].
Finally, simulations have only been performed for air flow, as special attention is re-
quired to low Prandtl number thermal-hydraulics when modeling liquid metal flows.
8. Conclusions
In this paper, a FV-based POD-Galerkin ROM with Boussinesq approximation is
presented. The ROM is constructed such that it is consistent with the FOM and both
10POD-GALERKIN REDUCED ORDER MODEL OF THE BOUSSINESQ APPROXIMATION FOR BUOYANCY-DRIVEN ENCLOSED FLOWS
velocity and temperature fields are considered. The reconstruction of the pressure field
is, however, not considered as only enclosed flows are investigated in this study. An
additional buoyancy term in the ROM induces a two-way coupling between momentum
and energy, that is required for buoyancy modeling for nuclear thermal-hydraulic studies
and other related industrial problems. A ROM is constructed of which the temperature
BCs are parametrized using a control function method. The results of the ROMs for a
simple 2D differentially heated cavity show that the relative error of temperature is of
the order of 10−4 and of velocity 10−1 for the vast part of the simulations. The ROMs
are stable, except when the temperature difference between the walls is larger than the
case for which the snapshots, for the reduced basis construction, are collected. The
accuracy can be improved by adding more modes to the reduced basis obtained with
the POD method. Finally, the ROM is about 20 times faster than the FOM run on a
single processor.
For further development, the pressure will be included in the ROM and the model will
be extended for turbulent buoyant flows, which will be essential to simulate buoyancy
in nuclear reactors.
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